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We show how to adapt the canonical arguments for choosing the physically correct 
' vacuum state to the case of quantum field theory with states on timelike hypersurfaces 

as formulated in the general boundary formalism. We demonstrate that these fail for 
evanescent modes which occur naturally in quantum field theory in the presence of the 
equivalent of a dielectric boundary. We explicitly study the response of an Unruh-DeWitt 
type detector to these modes. Using this we find that the physically correct vacuum state 
'. has to depend on the physical situation outside of the boundaries of the spacetime region 

considered. Thus it cannot be determined by general principles pertaining only to the 
spacetime region under consideration. 
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> . PACS numbers: ll.10.-z, 04.62. +v 

^ . 1. Introduction 

I/"") , The general boundary formalism for quantum field theory is a formalism that allows to consider 

quantum field theories on arbitrary hypersurfaces in spacetime. This formalism was first proposed 
axiomatically in jOec051 IOec061 IOec07j , in analogy to the axiomatic formulation of topological quan- 
tum field theories due to Atiyah Ati89 . 

In recent years this formalism has seen a wealth of technical development. Quantization techniques 
for ordinary quantum field theory have been adapted to this formalism and rigorous constructions 
for lin ear and a ffine field theories have been given |CO08al ICO08bl IOec08l ICO091 IQeclOl ICDQ11I 
03 ICQ11I IOecl2bl I()ecl2al IQeclll I()ecl2cj. Th e formalism was used to investigate the behavior of the 
S-matrix at spatial infinity |CO0 8a, CO08b, CDOllj and the general notion of observables for these 
theories was clarified in |Oecl2bj . 

In this paper we study in detail the physical and symmetry conditions one can impose to determine 
the remaining ambiguities in the quantization, that is, the choice of vacuum state, or in the language 
of holomorphic quantization, the complex structure. 
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We consider two types of conditions. The first is based on adapting the Ashtekar-Magnon condition 
|AM75] to timelike hypersurfaccs. The second is based on coupling an Unruh-DcWitt detector 
moving along a specified world line and studying the transition rates given certain boundary states. 

We find that for the ordinary field modes, the propagating waves, the Ashtekar-Magnon like 
condition is satisfactory and produces the results of the canonical case. Furthermore we show that 
Ashtekar-Magnon like conditions can actually subsume the symmetry considerations ordinarily used. 
Using the detector model we can also show that the condition that a detector at rest does not click 
in vacuum can also reproduce the complex structure singled out by the Ashtekar-Magnon condition. 

For field modes that behave exponential in space, the evanescent waves, an Ashtekar-Magnon like 
condition cannot be satisfied under the given assumptions. In the case of the detector model it 
is also less clear how to select the boundary states for the no-click condition. Thus we also study 
the actual transition rates in a concrete experimental set up capable of producing modes that are 
exponentially decaying in space [CM711 ICMD72] . 

This is done by putting a dielectric boundary outside of the timelike region we consider. We 
find that we can determine a unique unitary complex structure by requiring the transition rates 
for various boundary states to reproduce the experimentally correct result, and that the complex 
structure depends on the details of the physics outside the spacetime region under consideration. 
We also find that non-unitary complex structures are necessary to satisfy Ashtekar-Magnon like 
conditions asymptotically, where they can be applied again. 

1.1. An outline of the paper 

In order to make the paper largely self contained we begin by giving an overview of the pertinent 
structures of a general boundary quantum field theory in section O We focus less on the mathemat- 
ically rigorous constructions and more on clarifying the structural ingredients for the interpretation 
of the theory. 

In section [3] we review in detail how to construct a general boundary quantum field theory with 
timelike hypersurfaces. We begin by briefly discussing the Schrodinger-Feynman quantization in sec- 
tion [5TTJ We then introduce the language of holomorphic quantization in 13.21 discussing in particular 
the notion of unitarity in the theory, and the construction of the one particle and coherent states. 
We pay particular attention to the quantization ambiguity given by the choice of complex structure. 

In section 2] we discuss the Ashtekar-Magnon condition |AM75) for choosing complex structures 
for canonical quantization on arbitrary spacetimes. After reviewing the condition for spacclike 
hypersurfaccs in section 14.11 wc demonstrate in 14.21 that this condition can also be adapted to 
reproduce symmetry principles for arbitrary hyperplanes in a straightforward way. We then discuss 
the case of timelike hypersurfaces in 14.31 For the sector of the theory dealing with propagating 
waves the equivalent of the Ashtekar-Magnon condition discussed in 14.3.11 does determine a natural 
complex structure. We show that this condition cannot be applied to the case of evanescent waves. 
In 14.3.21 we discuss in detail how to interpret the results of the preceding sections physically and 
how the physical role of choosing a boundary state and the complex structure change vis-a-vis the 
canonical theory 

In section [S] we study in detail how to couple a detector in the language of the general boundary 
formalism and how to use the dependence of the detection rate on the complex structure to determine 
the latter in physical terms. We begin by developing perturbation theory in the holomorphic language 
in section lOl Using this perturbation theory we show how to couple an Unruh-DcWitt type detector 
to a quantum field theory in the general boundary formulation in section [5?2l which to our knowledge 
has not been studied in the literature so far. We show that, using symmetry arguments and an 
appropriate choice of boundary states, we can determine the complex structure for propagating 
modes by requiring a detector at rest to not click in section 15.31 thus bypassing the Ashtekar- 
Magnon condition. As the appropriate choice of boundary state is unclear for evanescent waves we 
then consider an actual physical example in which evanescent waves appear and describe it in the 
general boundary formulation in section 15.41 This example is a toy model of a free electromagnetic 
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field in the presence of a dielectric boundary. The excitation rates induced by evanescent waves in 
this case have been studied theoretically and experimentally in |CM71l CMD721. We show that in 
order to reproduce the transition rates while maintaining the ability to model the two situations 
of particle emission and particle absorption as orthogonal subsets in the boundary Hilbcrt space, 
which is the situation one has in canonical quantization, the complex structure has to depend on 
the physical situation at the dielectric boundary, even if this boundary is outside of the spacetime 
region considered. We conclude that a complex structure for evanescent waves cannot be chosen by 
general physical arguments pertaining only to the spacetime region under consideration. We see that 
a unitary complex structure exists satisfying our requirements, but that it doesn't satisfy Ashtekar- 
Magnon like conditions asymptotically, where they apply. These can be satisfied by a choice of 
non-unitary complex structure. Such a non-unitary complex structure is used for the first time in 
interacting GBQFT in this article. 

2. The GB Formulation of quantum field theories 

The general boundary formulation of quantum field theories (henceforth called GBF or GBQFT) is 
a framework that was introduced in |Oec08 , OeclOj . In |Oecl2c) , the construction with the complete 
set of axioms spelled out in detail can be found in a top-down approach: The axioms of the GBF are 
given, and then certain theories satisfying these axioms are constructed. In the following we shall 
only give an introduction to the basic ideas and constructions of GBQFT in a bottom-up approach 
somewhat complementary to the discussions given in the references. 

In the usual framework of quantum theory, one is interested in the transition amplitude p(tpt-i , ipt 3 ) 
that a certain state ipa in the Hilbert space Ht 1 at time t\ evolves into some other state ipt 2 in the 
Hilbert space at time t^. In other words, 

p:H tl ® H* t2 -> C, 

where %*[ is the dual Hilbert space. These initial and final Hilbcrt spaces are assigned to the 
instants of time t\ and £2- In QFT these instants of time become equal-time or Cauchy hypersurfaces 
Si and £2, and one is again interested in the transition amplitudes between states on pairs of 
Cauchy hypersurfaces. Obviously there is a certain region M (subset of spacetime) with boundary 
dM = Si U £2 (the bar denotes change of orientation). We may construct the boundary Hilbcrt 
space Hqm = <S> H* 2 and view p as a map from HaM to C. The idea of GBQFT is to generalize 
this to arbitrary spacetime regions M with arbitrary boundaries dM. To this end, let us fix some 
language, d is the dimension of spacetime. We make the following definitions: 

• A region is an oriented d-dimensional topological manifold, possibly with boundary. 

• A hyper surf ace is an oriented (d — l)-dimcnsional topological manifold without boundary. 

• If £ is a hypersurface, then £ denotes the same manifold with opposite orientation. 

Such a collection of regions and hypersurfaces is called a spacetime system. A GBQFT on a given 
spacetime system is a model satisfying a number of axioms similar to those of a topological quantum 
field theory |Ati89j . We outline the most important ones now, omitting all technical conditions 
needed to make the theory well defined. They can be found in full detail in jOec!2cj . 

1. Associated with each hypersurface E is a complex separable Hilbert space with inner 
product (•, -)s called the state space of E. There is a conjugate linear isometry t£ : Hs tif^- 
This map is an involution in the sense that o is the identity on Hs- 

2. If E decomposes into a disjoint union of hypersurfaces, E = £1 U . . . U £„, then is isomet- 
rically isomorphic to ® • • • ® • We shall always write = ® ... <8> "Hs„ ■ 
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3. Associated with each region M there is a linear map pm ■ ~~ ^ ^ wnere U-dM ^ s dense in 
T-LdM- This is called the amplitude map. It has to satisfy a number of gluing properties. 

To construct a GBQFT means to construct the state spaces and the amplitude maps pm- 
Our preferred way of doing this is by quantization of a classical field theory. Standard quantization 
techniques usually require spacetime to be foliated into Cauchy hypersurfaces, so they have to be 
generalized. In the following, we shall review the classical field theory setting in a geometric fashion 
which is more apt for constructing a GBQFT. For technical simplicity, only the case of linear field 
theory, for which the solution spaces are linear spaces is considered. We will mostly consider free 
fields which fall into this category. In the next section, we shall review two quantization settings 
discussed in the literature |C()08al ICO08bl I()ec081 ICO09I IQeclOl ICDQ11I ICQ11I IOecl2bl I()ecl2al 
IOecll[lQ"ecl2c] . 

The classical scalar field theory starts with an action leading to first order Euler-Lagrange equa- 
tions. For any region M, define 

S M (4>) ■■= f dVL(^(x),d<f>(x)) 

where L((j>, dcf), x) is the usual Lagrangian density for the Klein-Gordon field on a Lorentzian 
spacetime 

L(<f>, d<f), x) := \grd»<j>{x)d v <l>(x) - \m 2 <j> 2 {x), (1) 



and dV = \/— dctg e^.-.^dx 1 * 1 ■ ■ ■ dx^ 4 is the volume form on M. Denote by L E the real vector space 
of germs of solutions to the Euler-Lagrange-equations in a neighborhood of S. If E is a Cauchy 
surface, then obviously every element of Z/ E can be uniquely extended to a solution everywhere in the 
region. But even if this is not the case, L E contains enough information to extend analytic functions 
uniquely. In this paper we will always deal with analytic functions. 
From the classical action derives the symplectic potential 

(e^X):=ld^X(x)^(x) 

where <f> G £s is a solution, and X is a tangent vector to 0, i.e. X G T^Le ~ -^sEI an d da^ = 
\f— dctg e All ... AI3/J (i.T A11 • • • dx^ 3 . From this we then immediately have the bilinear map 

[ v ] E :L E xL E ^R, [6£] E :=(0s)*(O. 
and we obtain an antisymmetric bilinear map by anti-symmetrization: 

ws^sxLj-} E, u-z{4>,<j)') = -[<M'] S ~ \ w^h 
which we call the symplectic form. 

If E decomposes into a disjoint union of hypersurfaces, £ = Ei U . . . U £„, then we obviously have 
L-s = L El © . . . 8 Ls n , and E = El + . . . + E „ . 

For a region M we define ojqm as the symplectic form associated to the boundary DM. We find 
that for two solutions </>,</>' of the Euler-Lagrange equations to (fTJ) the symplectic form vanishes. 
This is because, using the specific form of (HJ, we have 

W8m(<M') = / rfg (<l>(x) d L ( x ) - 4>'(x) J^-r, (x) 
JdM V d i d n<t>) d{d^(/>) 



1 For functions / and g on a topological space X, define / ~ x g if there is a neighborhood U of x such that f\jj = g\jj. 
The equivalence classes of ^ x are called germs at x. In particular, / g implies that all derivatives of / and g 
at x are equal. 

2 T<pL^ is Ls linearized around <j>, but since Ly, is assumed to be linear, we can set T^Ls ~ £e 
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3. On Quantizations and Complex Structures 



We will consider two different quantization schemes discussed in the literature here. We first briefly 
introduce Schrodinger-Feynman quantization jQecllj in the language given above and then focus 
mostly on holomorphic quantization, which is a special case of geometric quantization. In both 
cases, an additional datum is needed. It is well known |Woo97j that the additional datum needed for 
holomorphic quantization is a choice of a compatible and positive complex structure, i.e. a linear map 
Js : Ls — > Lt, such that Jf. = —ids, ws(Js-, Js-) = ws(-, ■) and (■ , Js ■ ) positive definite. That 
turns Ls into a complex Hilbert space and allows the definition coherent states that form the dense 
subset required in axiom 3. The additional datum needed for Schrodingcr-Fcynman-quantization is 
a vacuum state. It will turn out that there is a one-to-one correspondence between the choice of a 
complex structure and that of a vacuum state |Oecl2cj . 

3.1. Schrodinger-Feynman Quantization 

The basic idea here is to construct the Hilbert space as wave functions on the configuration space 
associated to the hypcrsurface £. This is constructed as follows: Define the subspaces Ms, G Ls 



We can think of Ms as the space of momenta (those solutions where field values vanish on £ while 
their derivatives do not), and iVs as the space of 'positions' (vice versa). The configuration space 
Qs is then the quotient space 



with quotient map <7s : Ls — > Qs- To determine the Hilbert space of the Schrodinger 
representation one needs the additional datum of a vacuum state (Oecl2cj . This can be encoded 
jQecllj into a symmetric bilinear form fis : Qs x Qs — > C with positive definite real part. The 
vacuum state is then given by the wave function Kq : Qs — >• C given by 



3.2. Holomorphic Quantization 

We now turn to holomorphic quantization. For the current context this quantization procedure was 
given in detail in jOecl0j . jOecl2aj for linear and affinc field theories. It is a special case of geometric 
quantization jWoo97j . We outline it here, again ignoring all technical difficulties. 

The basic idea of geometric quantization is to rigorously define the textbook canonical quantization 
procedure in cases where the configuration spaces of interest are smooth symplectic manifolds, as 
explained above. Textbook quantization tells you to proceed by expanding the classical solutions 
into Fourier modes and then dividing them up into two sets: Positive and negative frequency modes. 
The coefficients in front of the positive and negative frequency modes are then turned into creation 
and annihilation operators. The notion of positive and negative frequency is meant relative to a 
nowhere vanishing timelike, hypersurface orthogonal Killing vector field Jj. Clearly, this does not 
exist for arbitrary hypersurfaces S. One instead picks a polarization V of that is a subset 
(the 'subset of positive frequency modes') V C L§ of the complexification of Xs such that for the 
symplectic complement V 1 -, defined as the set of all £ £ L s such that ws(£, rf) = for all n £ V, we 
have V = V (that is, V is Lagrangian). If V is a polarization, then so is V, where the bar denotes 



as 



{reL s : [£,T] s = 0V£eL s } 
{reLs:[T,£]E=OV£e£s} 



Qs := is/Ms 




(3) 
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complex conjugation in the usual sense. V is called a Kdhler polarization if V PI V = {0}. In this 
case, we can write L E = V © V. 

Kahlcr polarizations are in one-to-one correspondence with complex structures compatible to cj£ . 
We say Js : is —> is a complex structure compatible with if J|, = —ids and ws(Js-, Js p ) = 
•). If such a complex structure is given, then set 

V := {4> G L|| = -i4>] 

V := {<£ G ig| J s = #} 

P and P are polarizations, called the holomorphic and the antiholomorphic polarization. On the 
other hand, if V and V are given Kahlcr polarizations, we can decompose any (f) G L^-. uniquely into 
4> = ip + ip' with ip G V and G P. Then Js defined by Js0 := — + itp 1 is a complex structure 
compatible with uj. For the proof, see |EMRV99] . 

We say that J, or equivalently V, is positive if <?s(-, •) := 2ws(-, J^-) is a positive definite metric on 
L-£. In the following, unless otherwise stated, we shall always assume J to be a positive compatible 
complex structure. 

If Je is given, then the sesquilinear form 

{</>, ■■= 5sO, v) + 2iw(0, rj) V0, f] G is 

turns the real vector space is into a complex Hilbcrt space, where multiplication with i is given 
by applying Jj> Real linear maps will lift to complex linear maps exactly if they commute with J^. 
We have a canonical isomorphism tt : V — > Ls, n(ip) = ijj + ip that identifies V and Ls, the latter 
now regarded as a complex vector space. The inverse is explicitly given in terms of the complex 
structure as 

We will see later that Ls as a complex space can be interpreted as the one-particle Hilbcrt space. 
The state space H^. of the holomorphic quantization is now constructed as "H^ := L\ ol (L^, d[i-£ jl 
the space of square-integrable holomorphic function^ on with respect to a certain translation 
invariant measure d/is, and inner product 

W,1>te ■= j L H<t>W(<t>) exp (-^s(<M)) dM). 
The amplitude pm is given by 

Pm(V0 = / 1p{(p)dv M {4>) 

where ip G Hom, C £om is the subspacc of global solutions on M projected down to DM, and 
j^a/ is a Gaussian probability measure determined by \goM(', •) [OeclOj . 

To construct the involution relating oppositely oriented manifolds explicitly we can take H 1 -^ := 
L^ ntiho i(Ls, cfyts) , that is, the antiholomorphic functions, when viewed as functions on Ly, we then 
have explicitly that 

t E V:=?- ( 4 ) 

3 To deal with technical difficulties arising in the infinite dimensional case, one actually has to construct '■= 
L^ ol (L^, dfi^), where Lj; is a certain extension of L^, namely the algebraic dual of it's topological dual. The full 
construction of Ls and d/j,^ is given in Oc clOI . 

4 We say a function / : L — > C is holomorphic if it is continuous, bounded on every ball and holomorphic in the usual 
sense at every point of L. 
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for all ip&UT.. 

We will see further down, when considering the explicit construction of coherent states, that we 
can identify L^ ntihol (L^,d^) with L| oZ (Ljj, d/xs), where L-g- is the same real linear space as Ls, 
but equipped with the structures wgr = -wj and Jjt = — J s . 

It was shown in [Oecllj that symmetric bilinear forms SI which define vacuum states in the 
Schrddinger quantization as in ([3]) are in one-to-one correspondence to compatible complex struc- 
tures. Define js : Qy, — > Lt, to be the unique linear map such that o j s = idg E and j'e(Qs) = 
J S M S . Then 

sets up the correspondence between Sis and Js. 

3.2.1. Coherent States 

For us, coherent states will be crucially important. Fixing any element (that is, classical solution) 
£ G Ls, the corresponding coherent state Kg G Hs is the holomorphic function 

KM) ■= exp 4>}^j G L S . (5) 

Now if we reverse the orientation of E, E — > E, then if^ gets mapped to the antiholomorphic 
function i^Kg = Kg, and comparing with the RHS of J5]) we see that Kg is the same function as Kg 
defined with oj^ = -wj and = 5s and therefore Jgr = — Jv;: 

TI^Ie = 5s(£, 0) - 0) - ^) + iwjjtf, 0) = {£, (6) 

With respect to the inner product defined above, a coherent state has the reproducing kernel 
property (Kg,i/j)s — "0(C) W 1 G T-Ly,- One obtains for the amplitude 

PM (K T ) = exp (^g dM {T R ,T R ) - ^gau^y) - ^aM^.r^ , (7) 

where t = t r + Jqmt 1 with t^^t 1 G £jCp This decomposition is always uniquely possible since 
Lom = Ljfr © JqmLmi see Proposition 4.2 in |Oecl0j . 

There is a distinguished coherent state: The state Kq = 1, the constant function with value 1 on 
the hypersurface E, which is the coherent state associated with the vector G Ls- This state has a 
natural interpretation as the vacuum state on E. It satisfies all vacuum axioms posed in jOeclOj . 

If E decomposes into two components, E = Ei U £2, then for any £ G Lsi and £' G £s 2 , we have 
using equation (0} 

% >e) = K C »K^€ Ut... (8) 

3.2.2. Time evolution and Unitarity 

Let M be a region such that dM = Ei U E2 is the disjoint union of two hypcrsurfaces. We can 
consider canonical projections r\ : — » L^j and r2 : L»> — > isjfl. Assume these maps are 
homeomorphisms. The composition T := T2 or^ 1 : L^i ~ ^ -^s 2 evolves solutions at Ei into solutions 
at E2, hence it can be seen as a generalized notion of time evolution. We call T unitary if 

Je 2 oT = To J El . (9) 



5 For <j> G ijQ. a global solution on M, r\{<j>) is the germ of <fc at Ei, in other words r\(<f>) is obtained by forgetting <j> 
everywhere but in a small neighborhood around Ei. Same for r^- 
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In |OeclOj it was shown that if T is unitary, then there is a unitary map U : — > "Hs 2 , 
v]/ t— > v]/ o T^ 1 . In particular we have 

Obviously TO = since T is linear. So the vacuum state on Si will evolve into the vacuum state on 
£2, allowing us to construct a vacuum state -^(0,0) on E1UE2 which is compatible with the dynamics 
in the aforementioned sense. Since we can extend this construction to any hypcrsurface E, there will 
be a global vacuum state compatible with the dynamics if T is unitary. 

Using the unitary map U the amplitude map can be expressed using the inner product in the form 

PM(*l <8 i£ 2 *2) = PAf(*l ® * 2 ) = (f/ _1 *2,*l)s 1 (10) 

for all *i £ and * 2 € "Hs 2 - 

A generalization of the above definition of unitarity can be given that avoids the assumption of 
the existence of the evolution map T. Using the reproducing kernel property of the coherent states 
[OeclOj we can define a map U" 1 : "Hs 2 — > such that (jTUJ) is fulfilled as 

(U- l ^){<f>):=p M (K^ t4 ,»W). (11) 

for all \J> £ Hy.2 ■ We can extend the subspace to the complexification C Lg M , such that for 

£ £ L 1 ^ wc navc 9^ c (£),3m(£) e ^a7- We tncn navc tnat ^ © holds every element £ £ that 
projects to an —i cigenfunction of J^ 1 , meaning Js 1 ri(^) = — «ri(£), projects to an — « cigenfunction 
on E2, Js 2 r 2(^) = — W"2(0> anc ^ v ^ ce versa - Reversely we will say that a complex structure is 
"unitary" exactly if this condition is satisfied. 

If furthermore the maps n and r 2 are homeomorphisms we can identify with Z,^ an d ^s 2 - 
If the complex structure then is unitary in the above sense we find that Js 2 o T = T o J Sl since 
is the set of all (£,T£) € £g M . 



3.2.3. Ladder Operators and one particle states 

In this section, we work out the Fock space structure of , the state space of holomorphic quan- 
tization. Creation and annihilation operators are constructed, and the one-particle Hilbert space is 
constructed. 

For an element £ € Ls define the object £ by 

pe(0) = -^{e,#s. (12) 

We call p£ the normalized one- particle state corresponding to £ £ is, for reasons to be clarified 
later on. In |Oecl2b] . the actions of creation and annihilation operators on "H^ have been worked 
out: 

(4V)(0) = P«(0)V#) = -4ft, 0} E ^) (13) 



V2' 



(a^)(0 = (^,a s V>s = (4^,V)s (14) 



Here, £ £ Xe, a nd we may say that and create and annihilate 'a particle of type 
respectively. The action of on coherent states is particularly simple: 

H K 4> = -^{<t>i£}vK<l> 
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In particular, all annihilation operators annihilate the vacuum Kq. These operators satisfy the 
usual commutation relations 



[ a 6 <4,] = {V, £}£) [a^,a v }=0, [a\,al] = 0. (15) 

The creation and annihilation operators together with the vacuum state determine a Fock structure 
on We wish to determine the one-particle sector of this Fock structure. This will be done by 
defining the number operator. For that purpose, we first define an orthonormal basis in V: 

Let 7r : V — > Ly, be the canonical linear isomorphism, with n(<ft) = (f> + (j). We use this isomorphism 
to define an inner product on V: 



E ■ 



Using linearity of 7r and the fact that {•, -}s is an inner product on Ls, it is immediate to show 
that {•, -}-p is an inner product on V. Now, let B-p C V be an orthonormal basis of V with respect 
to this inner product. We shall write B-p = {e^}^ e x for a suitable index set X. 

Now we define the number operator in that basis Bp 

N z = J2 a l(?) a -(€) = J2 4 a « ( 16 ) 

in the usual sense, where, using 7r to identify V and complex Ls, we introduced the shorthand 
notation a x (^) = a^. 

Write |0) = Kq. Using the commutation relations it is then easy to sec that for r\ £ B-p, 

iV s at|0) = ^4a ? at|0) = ^4[a 6 at]|0)=^4{ 7? ,e} S |0> = at|0}. 
« € C 

The linear space spanned by the vectors al|0) for 77 £ B-p is thus the eigenspace of N-g corresponding 
to the eigenvalue 1. Using (JT3]), it is easy to see that 



This means the set 



{ot|0),»j £ T 5 } = |-^={r/, ■}, V £ L s | = { Pv , t? g L S } =: ~ L s 

is the one-particle sector of "H^, and we were indeed justified to call p^((f>) = ^7j{£:0}s a one- 
particle-state. 



4. Choosing a complex structure 

As we saw in section T3. 2 1 the remaining quantization ambiguity is the choice of a suitable positive 
complex structure J which is compatible with oj. In this section we study a number of physically 
motivated conditions that allow us to select such a complex structure. For technical simplicity, our 
field theory of interest will be ordinary scalar field theory in Minkowski spacctime. The analysis 
is divided into two parts: First we study quantization in regions bounded by spacclike hypersur- 
faces, which is well understood. The right condition for the selection of J turns out to be the 
Ashtekar-Magnon condition |AM75j . We then study quantization in regions bounded by timclikc 
hypersurfaces using GBQFT. It turns out that, in comparison to the spacelike case, solutions to the 
classical field equations arise which have the behavior of evanescent waves. These solutions cause a 
number of problems which will be discussed below. We will give two possible generalizations of the 
Ashtekar-Magnon condition for timelike hypersurfaces, which both work for all solutions except the 
aforementioned evanescent waves. 
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4.1. Spacelike hypersurfaces - The Ashtekar-Magnon energy condition 



In |AM75| Ashtekar and Magnon address the question of finding a positive compatible complex 
structure within the framework of geometric quantization. They show that if an energy condition 
is imposed, the complex structure is uniquely determined. The energy condition amounts to asking 
that the expectation value of the single particle Hamiltonian operator be the same as the classical 
energy of the field. It replaces the standard 'positive frequency modes' condition which relies on 
the presence of a global timelike Killing vector field and works for a wider class of spacetimes which 
admit a foliation into Cauchy hypersurfaces. We present their result here as the starting point of 
our discussion about complex structures. Some notation first: With the definitions of section 13.11 
there is a map F s from = ffi Af E to the phase space L s = C£°(£, E) ® (E, K), given by 

Fv<j>=(<j>\v,(Vhn»V^)\x), (17) 

The phase space can be seen as the space of initial data. If E is a Cauchy hypcrsurface, then 
by the Cauchy property F-% is an isomorphism, and ~ The structures on then all have 
obvious counterparts on ■ In addition, an operator Js on Ly, corresponds uniquely to an operator 
on the phase space. Ashtekar and Magnon use this phase space representation to prove the following 
theorem: 

Theorem 1 (Ashtekar-Magnon) Let (M, g) be a globally hyperbolic spacetim^ with Cauchy sur- 
face E, and Ly, as above. Then there exists a unique complex structure J on with the following 
properties : 

1. J is positive and compatible with u>, that is w(-, </(•)) > and w(J(-), </(•)) = w(-, •). 

2. The expectation value of the one-particle Hamiltonian operator equals the classical energy Q.' 

{hHffi-s = -2 [ dG^ v ^)t v e is (18) 

where H<f) = —J(j), and <f> is the solution^ 

and t is the vector field corresponding to the hypersurface orthogonal foliation by Cauchy hy- 
persurfaces E t in a neighborhood o/E. 

In |FD99j it was shown that the real part of (|18[) 

which is independent of J is actually always true, so that the true content of the energy condition 
is it's imaginary part: 

uj^Hcj)) =0 V0GL s . (19) 

Furthermore, in [FD99j the action of the complex structure found by Ashtekar and Magnon on 
the phase space is worked out as 

6 Our signature convention for the metric is (H ). 

7 The additional factor of (—2) in comparison with the expression by Ashtekar and Magnon is due to our different 

definition of the symplectic form uj and {■,•}. 
8 The dot does not refer to a time derivative in the usual sense! However, if there is a global killing vector field t 

which is orthogonal to S, then </> = Ct4>, where Ct is Lie differentiation with respect to t. 
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J * = F ^ ° [ _&Ql/2 ^ ) OF * ( 20 ) 

where 

9 = ;.\ -//'■' /),/), + h i3 NDi(NDj) - m 2 N 2 ) (21) 

and y/h = (det/i) 1//2 with —h the pullback of g to the hypersurface and N = ^/goo the lapse function. 
Using that J| = —1 wc find 

Jv4> = Q-^Nn^V^. (22) 
To use this complex structure we will systematically excise the mode with 9 = 0. 

4.1.1. The canonical example: Equal-time hyperplanes 

In this section we briefly review the standard construction of free scalar field theory in the GBF 
framework. In what follows, take admissible hypersurfaces to be oriented equal-time hypersurfaces, 
and admissible regions to be regions whose boundary decomposes into such hypersurfaces. The 
analysis in this and the next subsection was done in [OeclOj . 

We parametrize global solutions of the Klein-Gordon equation in the usual way via plain waves, 

where <j> : R 3 — > C is a complex function on momentum space of a type to be determined below and 
Po := \J p 1 + m 2 . The symplectic form on Ls t is 

ws t (0i,02) = | / d 3 x (<f>2(x ,x)d (t)i(xo,x) - (f>i{x 0l x)d (f>2(x ,x))\ St 

= ^{f(2$kMp)Md)- (24) 

We chose the orientation of T, t to be that induced by a future pointing normal. We can invoke the 
AM-condition and the equations of motion to find the standard complex structure 

•fc. = -ft*- (25) 



This complex structure produces a unitary time evolution. The induced metric is 

d 3 p 



5s t (0i,0 2 ) = 2^e (J j0- 



r) 3 2p 

and this leads to the standard complex inner product on Ls t . 

d 3 p 



MP)MP) ■ (26) 



{0i,<Ms t = 2 J )32 fr® fa ($). (27) 

This also determines the space Ls t precisely as the space of (equivalence classes of) square-integrable 
complex functions <f> : R 3 — > C with the inner product written above. The quantization thus obtained 
is equivalent to the usual well-known quantization of Klein-Gordon theory. 
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4.2. The stress-momentum condition 



In this section we investigate another quantum-classical correspondence condition that we can impose 
for general hypersurfaces. We will see that this reproduces part of the symmetry considerations that 
determine the complex structure in the standard treatment. 

Let E be a spacelike or timelike hyperplane in Minkowski space. We impose the following stress- 
momentum conditions 

1. J is compatible with us, that is ws(', >/s(0) is positive definite and ws(Js( - )j ^s(')) = w s(', ■)■ 

2. The expectation value of the one-particle momentum operator II := J^t^d^, with i M a constant 
tangent vector field to the boundary, equals the classical momentum: 

{</>,II0}s = -2 / dapT^Wtv V0 e i s , (28) 
Js 

It is again easy to see that (j2"8")l splits into the conditions 

oj^t^d^) = f da^ v (<f>)t v 
Js 

w E (^,n0) = o 

for all <fi e Ls- The first condition is always fulfilled which can be proven easily integrating by parts 
in w. Using Lemma 1 from [FD99j we find that the second condition is the statement that II is 
a symmetric operator with respect to the inner product {■,■}•£■ With Lemma 2 follows then that 
[Jsjt^dfj] = 0. We obtain that the condition in (|28p is equivalent to the invariance of the complex 
structure under translation in t direction. Since this is a symmetry of our classical configuration it 
is a completely natural condition. 

We conclude that a complex structure that satisfies (f2"5)l leaves the eigenspaces of t^d^ invari- 
ant and there exists a complete set of eigenfunctions of Js where every element consists of linear 
combinations of eigenfunctions of t M d M to the same eigenvalue. 

4.3. Timelike hyperplanes 

In this section we consider timelike hyperplanes in (3 + l)-Minkowski spacetime. We take g = 
diag(l, — 1, — 1, —1). Admissible hypersurfaces are all oriented hyperplanes perpendicular to the X\- 
axis and their finite disjoint unions. Admissible regular regions are all finite closed intervals on the 
xi-axis extended in the other coordinate directions and their finite disjoint unions. We assume the 
hyperplanes to be oriented in negative x\ direction. 

The AM-condition does not apply directly to this scenario, but we can try to adapt it by choosing 
different components of the energy-momentum tensor and forcing them to coincide with their classical 
counterparts in the one particle sector. 

4.3.1. The pressure condition 

In section 14.11 we saw that the AM-condition for the directions of the momentum in the hyperplane 
reproduce the symmetry considerations familiar from the standard treatment in Minkowski space 
for all directions tangent to the hyperplane. In order to fully determine the complex structure we 
now need to consider the orthogonal direction. 

Here we cannot apply a direct analogue of the theorem of Ashtekar and Magnon. We don't 
have Cauchy hypersurfaces, and there is no notion of phase space immediately available. Therefore 
there is no sensible definition of a Hamiltonian operator at hand. Nevertheless, a few statements 
can be made. Firstly, for one admissible hypersurface E, let n be the unit vector field orthogonal 
to E. Without loss of generality we require n to point in the positive x\ direction. Due to the 
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symmetries of Minkowski space n is non-vanishing and killing everywhere, which allows us to define 
<fi = C n (j) = n^d^cj) even in the absence of a phase space. With this in mind, we write in analogy to 
the real part of (fT5|l : 

<He{0, H^} s = 2w s (0, n^d^) = -2 ( da^^n,. V</> G L s (29) 

for some operator H . We give a proof in appendix I A. 1 1 that the second equality is always satisfied, 
and the first equality defines H: Using the definition of {•, •}, we see that the operator H must satisfy 
J-^H = n^d^ =: D or H = —J^D- 1 . Now of course the RHS does no longer have the interpretation 
of a classical energy. In our case, we might interpret it as a classical momentum corresponding to 
the xi-direction. 

Now we may ask the question 'is there a complex structure J which is 

(1) positive and compatible with we 

(2) satisfies the imaginary part of (|18l) . that is ws(</>, H<fi) = for H = — J^Z?- 1 -?' 

We call this condition 'pressure condition' since the RHS of (f2T)| suggests that we are looking for 
a quantum observable corresponding to the T 1 ^component of the energy-momentum tensor, which 
has the interpretation of a pressure. 

Now we are tempted by the analysis of the spatial case to set J in analogy to (|22|) 



J s = -Q-^Nn^y^ (30) 

with 

6 = ; A -//'■' /),/), + h i3 N(D l NDj) - m 2 N 2 ). 

Here 6 is defined with the opposite sign with respect to (|2"Tj) for convenience. Now n M is the vector 
field orthogonal to E, — h is the pullback of the metric to E and N = -Jgri = 1. So reduces to 

= Wdidj - m 2 = -flg + d\ + dl-m 2 = -d\ 

where the last equality follows from the equations of motion. The problem with this operator is 
that it does not have a positive spectrum, so we cannot construct 1 / 2 . This can be seen directly 
from the Fourier transform of which is 

A 2 2 2 2 
O = PO - P2 - P3 - m . 

and by the equations of motion this is equal to p 2 . The positive part of the spectrum of are 
those values of (po,P2,P3) for which > 0, which implies that p\ is real. We call solutions which are 
eigenvectors of corresponding to positive eigenvalues propagating waves. They span a subspacc 
Lj; C Lsi and on that subspace is positive self-adjoint which allows us to define 1 / 2 , then J can 
indeed be defined by ((311)1 on that subspace, which yields 



jp = J_ . (3i) 

V 7 ^ 



An interesting fact about this complex structure is that among all complex structures which are 
of the form for some vector field 77 (which is the form we found in section |4.1.1[) . is the only 

V ~ v _ 

one which actually satisfies condition (1), i.e. is compatible with wq The proof for this statement 
can be found in the appendix lA.2l Thus we seem to have little choice in defining Js, even if condition 
(2) is left aside completely. 



9 It might be interesting to note that this is not true in the case of spacclike hypcrplancs, where the allowed complex 
structures correspond to all vector fields which are inside the forward light cone on every point in E 
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The negative part of the spectrum of O are those values of (po,P2,P3) for which < 0, which 
implies that p\ is imaginary. We call solutions which are eigenvectors of O corresponding to negative 
eigenvalues evanescent waves. These arc additional solutions which decay or grow exponentially as 
one moves away from the hypcrsurface. They are thus well-behaved near the hypersurface, but not 
globally. They span a subspace Lf, C and Lf, U L\ = Lj> One could replace by —0 on 
L|. to obtain a positive self-adjoint operator. However, we then have to find an operator L such 
that Jf. = L(— 0) -1 / 2 squares to minus one. One possible choice for the timelike hyperplane £ 
is L = P^di, where Ps is reflection along S, such that Psf(x\\ , x±) = f(x\\, — x±) if x± is the 
coordinate orthogonal to S. We have that P£ = 1 and Ps anti-commutes with d\, so that we can 
write 

re P*9l 



"d 2 



One can check that this complex structure is indeed compatible with to on 

Now what about condition (2)? We have two different complex structures on our two subspaces 
L|, and L|., and by H = — JvZ?- 1 we will also have two different 'Hamiltonians'. First consider 
propagating waves. We can write j£ = — P/- 1 © -1 / 2 , so to satisfy J^H p = we must have 
H, p = — 1 / 2 . This is a symmetric operator, and as such indeed satisfies ui-z{(j),H p (j)) = 0: On the 
one hand we have H p (f>) = —u>s(H p (f>, <f>) because uis is antisymmetric, on the other hand 

u>s(<f), H p <f)) = u!-s(Hp4>,4>) since H p is symmetric. 

Now consider evanescent waves. We have J|, = — (—Q)~ 1 ^ 2 Psdi, and 

H e = -j^ = (-©)- 1 / 2 p s a 1 p 2 a 1 = -(-0)- 1/2 (p s a!) 2 p s = (-©) 1 / 2 p s . 

Now the operator (— 0) 1 ' 2 is symmetric and thus satisfies 



WE (</>, (-0) 1/2 V) = ^ ((-0) 1/2 ^, V- 



The operator Ps, however is antisymmetric which can be seen from P^ = 1 and the observation 
that 

WE(i*J0,i^) = -WE(^). (32) 

As a consequence H e will be antisymmetric which can be seen by using the explicit expression for 
us on the timelike hyperplane 

^S € (»7i,%) = ^ J dx d 2 x (n 1 (t,x 1 ,x)d 1 ri2(t,x 1 ,x) - ii 2 {t,x 1 ,x)d 1 ii 1 {t,x l7 x))\z ( ■ (33) 

Since ws is non-degenerate there is a ip' for every <f> such that CJs((j), ip') 7^ 0. Now define ijj such that 
'if/ = H e ip which is always possible since H e is invertible, then H e (<fi+ip)) = 2ujs(4>, H e tp) 7^ 

0. Hence, ujs(4>, H e cj>) will not be zero in general. Thus the Ashtckar-Magnon condition fails to hold 
for evanescent waves. Essentially we have no good pressure operator for evanescent waves available. 

In the following wc use the complex structure J£ we derived above and j£ we defined in analogy 
to write explicit relations for metric and inner product on timelike hypcrsurfaccs in Minkowski 
space. They coincide with those presented in |Oecl0 . There the author gives a parameterization 
of for a timelike hyperplane with tangent do, 82 and 83 at x\ = £ into eigenfunctions of 
Js e = j£ 5 | l p + via a complex function 77 : R x W 2 — > C as: 

v{xo,x lt x) = J (vfa>,P)f(po,P,xi)e- i(l *°*-&) +c.c.) , (34) 

where x, := (x 2l x 3 ) 1 p := (p2,P3), Pi ■= V\Po - P 2 - m 2 \ and 



e ipi(x! £) =co8(pi(xi—£))+iain.(pi(xi—£)) ii p 2 , - p 2 - m 2 > 
cosh(pi(a;i — £)) + i sinh(pi(xi — £)) if p\ — p 2 — m 2 < 0. 
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The symplcctic form in (|33[) on the space of solutions associated to the hypcrplanc E^ with 
orientation pointing in positive X\ direction turns out to be 

dp d 2 p 



we 4 (771,7/2) =3m ( / — 77i(p 0i P>72(ffo,p) ) ■ (36) 



It can be seen that J e and J p together act on 77 as defined in (|34| just by multiplication: 

(J(v))(Po,P) = -ir)(po,P)- 

The resulting metric is, 

dp d 2 p 



Ss € (7/i,7/ 2 ) = 2£He I J ^3^- r/i(p,p)r/ 2 (ffo,p)j ■ (37) 
The complex inner product is then given by 

{»7i,??2}e ? = 2 y ^p^-?7i(po,p)?72(po,p)- (38) 

The space is thus precisely the space of (equivalence classes of) complex valued square-integrablc 
functions 1 x M 2 -> C with the above inner product. 



4.3.2. Physical interpretation 

We have seen that, for propagating waves the pressure condition can indeed determine the complex 
structure in the case of timclike hyperplancs. It is instructive to explicitly contrast the different roles 
the complex structures play in this case though. 

Recall that we can give a compatible, though not necessarily positive, complex structure by giving 
a polarization, that is a subspace of L§. Let us first consider the case of a spacelike hyperplane S in 
Minkowski space. Imposing the stress-momentum condition of section l4~2l for all tangents to S we can 
split into momentum eigenspaces that are not mixed by the complex structure. Thus, specializing 
to 1 + 1 dimensions for simplicity, the problem of specifying a polarization reduces to the problem of 
giving a two dimensional subspace of the space spanned by the four modes e(±poj ±Pi) € Z% where 
e(po,pi) = e~ t ( p ° x °~ PlX1 } corresponds to the wave vector p = (po,Pi)- The usual choice coinciding 
with the complex structure specified by the AM-condition we reviewed in section |4~T1 is to take the 
positive frequency modes e(+po,±pi). 

Now considering a region E x [tj,£/] bounded by two spacelike hyperplancs Ej and wc have 
that E f has the same orientation as the reference hyperplane E but Ej has orientation opposite to 
that of E. This is the left side of figure [TJ As discussed above changing orientation is simply complex 
conjugation, and we have e(po,Px) = e(— po, — Pi)- Thus writing e, <E and ef G we obtain 
from the standard choice of picking positive frequency modes e/(po,ipi) an d e»(— £>o>TPi)- These 
are exactly the modes for which the wave vector is pointing out of the spacetime region. 

Now consider the region E x [x;,x r ] bounded by the timclike hypcrplanes E; and E r with modes 
c-i G and e r £ I/£ where we again imposed the stress-momentum conditions for all tangents 
to E; and E r . For propagating waves the complex structure derived in section 14.3.11 selects the left 
pointing modes e;(po,~Pi) and e;(— po,— p\) in the left hypersurfacc and the right pointing modes 
e r (po,pi) and e r (— po,pi) on the right. This is indicated on the right side of figure [TJ Thus we 
see that this complex structure again selects the modes pointing out of the spacetime region under 
consideration. This is thus the covariant formulation of the intuition to select positive frequency 
modes. We can also immediately see why this intuition becomes meaningless for evanescent waves, 
for which the wavevector becomes complex. 

Note that the same modes are still present in the case of timelike hyperplanes as in the case of 
spacelike hyperplanes, however, the corresponding one particle states and even the boundary vacuum 
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(po, -Pi) 



(PO.Pl) 



(-P0,-Pl) (-PO1P1) 




(Po, -pi) 



("Po, -pi) 



(po.Pi) 



(-Po.Pi) 



Figure 1: The modes selected (solid arrows) and discarded (dashed arrows) by the complex structure. 

The orthogonal arrows indicate the hypersurface orientation. The future pointing modes 
on Ej become past pointing on E,. Thus on E^ and Ey we have only outward pointing 
modes. 



states must now be interpreted in a way that is less obvious than in the case of spacelikc hyperplanes. 
To illustrate this, consider a scenario with a source inducing a transition from the vacuum to a one 
particle state corresponding to an arbitrary mode, as we will study in detail in section 1^751 In the 
case of spacelikc hyperplanes, the condition that there is a vacuum in the past, that is absence of 
any particles is simply given by selecting the boundary vacuum state on E, and leaving the states 
on E/ completely free. This has the effect of ruling out the modes ej(— po, TPi)- 

In the case of timelike hypersurfaces this has to be expressed differently. Choosing the vacuum 
state on either side would clearly lead to an incorrect selection of modes. In particular we want to 
choose the modes ei(j>o,— p\) and e r (j>o,pi). Now consider the symmetric operator dod Vl with d v 
the normal derivative to the surface our mode is associated to. Selecting the modes corresponding 
to positive eigenvalues of this operator within the polarization indeed selects the correct modes. 

We suggest interpreting the condition that dod v be positive as the condition that there is a positive 
energy flux through the surface under consideration. This is based on the physical idea to replace 
the condition that we have a vacuum in the past with the notion that there should be no energy 
flowing into the spacetime region under consideration. 

Consider the right hypersurface. We can see easily that for the solutions 0+ o = ce(pojPi) + 
ce(— po,— pi) for which dod\ is positive, the classical energy momentum tensor is also everywhere 
positive, 

T ol (0+)(x)>O, 

as 

While this is sufficient for our purposes it is necessary to generalize this condition to less symmetric 
situations and to the full Hilbcrt space of the theory, when for example, considering higher order 
perturbation theory. We leave that for future work. 

To summarize, for propagating modes and the spacetime regions considered here we can replace 
the notion of positive frequency modes with the notion of modes pointing out of the spacetime region 
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under consideration, and the creation of modes out of the vacuum by a source, can be described by 
restricting the state space to the modes with outward flowing energy. 



5. The Unruh-DeWitt detector 

As we saw in the preceding section the usual abstract arguments only determine the complex struc- 
ture for propagating waves. In order to investigate the choice of complex structure for evanescent 
waves we will now work out how to couple a detector to a quantum field theory in the general 
boundary formalism. Using this model and certain symmetry conditions we recover the result of 
the AM like condition for propagating waves derived in the foregoing section. Then we apply this 
setup to a physical situation where evanescent waves cause excitations. We will see that the choice 
of complex structure for evanescent waves depends on the physical setup outside of the region of 
interest, and thus no general arguments can determine a unique complex structure for these modes. 

5.1. Perturbation theory in GBQFT 

From |CO08a| we find that the amplitude for two fields <p± and (j>2 interacting via a potential V{4>\ , 02 ) 
in GBQFT can be generated perturbatively from the amplitude of the affine field theory 



S^[4>] = S [4>] + J dV{x)n{x)<t>{x) . 
We define the term of perturbative order n as 

plv(K^K i2 ) := 1 (jdV { x)V (-^-^))"^(^)^(^) 



■ (39) 



We remark that the amplitude p^(K^), the amplitude associated to the action 5 M , can equivalently 
be seen as the operator amplitude for the Weyl observable W := e lD with D{4>) = J dV(x) n(x)4>(x) 
Occ l2cj . An expression for this amplitude was derived in |Oecl2cj . We have 

= p M {K 6 )W(Oe^ D ^- ijBM ^ (40) 

where £ = £ fl — i£ 7 with £ = £ fl + JomS, 1 and £ fl ,£ J G as in section 13.2.11 and rjo G Lqm 
is uniquely defined by the condition that -D(C) = 2u;ajw(£, Vd) for all £ G Pu- The amplitude in 
equation (f3"5)) is the analog of the scattering matrix of n-th order in standard QFT. In GBQFT 
probabilities are always given as conditional probabilities [Oec08j . We obtain that the probability 
to find the interacting system in a state in the closed subset J C Hqm knowing that it can only be 
in a state in the closed subset I C Hqm that contains J is given as 



EnPn,V°Pj\ 12 
EnPn,V° P l\ 



- ^T n ; ' (41) 



where the norm || ■ || is with respect to the inner product of the dual Hilbcrt space "Hg M , and Pj 
and Pi are the orthogonal projections to J and I respectively. Starting from an orthonormal basis 
in J which we extend first to an orthonormal basis of I we arrive after another extension at an 
orthonormal basis {£i};gN of T-Lom- Using Riesz' theorem we find that the element of tp p ,j G T-Lom 
that corresponds to the dual element ^ n v o Pj via the inner product on T-LdM is given as 
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and analogously for ^ PnV° Fz- The norm of J2 n PnV° m ^-om can then be written as the 
norm of ipp.j in Hqm and we can rewrite the expression in equation (|41j) as 



S (t.\\2 



P{ J\X) = ^ej\EnPn,v(^J^ (43) 

(eoi 2 ■ v ; 

The probability for the system to be found in the normalized one-particle state tp C I is then given 
in first order in the interaction 

pum _ \pIvM\ 2 \pIvM\ 2 E^\pIv&)\ 2 (u) 
W ) E, !6 zk s ^)l 2 (E, !e xlp s vte)l 2 ) 2 ' ( ] 

where p^ v is just the free amplitude. If we take X to be the one particle sector together with the 
vacuum state we find 

p(m = \plv(n 2 - (45) 

since the free amplitude for the vacuum state is always one independent of the complex structure Jqm 
and that for a one particle state vanishes. The first statement can be derived from the expression for 
the free amplitude of a coherent state in equation ([7]) and the second from the fact that a one particle 
state is an odd function and p„ v is given as a Gaussian integral over an even domain. To get the 
probability for a whole subset J C X we have to sum that probability again over an orthonormal 
basis in J . 

5.1.1. Unitary evolution 

If the boundary of the region M under consideration decomposes as dM = £i U £2 and the map T 
defined in section f3 . 2 . 2 1 exists and is unitary £ = £ — it; 1 is given explicitly as the complex solution 

I = ra 1 Q(l - VsJTZi + ^(1 + iJsJfc) (46) 

for all £ = (^11^2) G Lqm = L^ 1 x L^ 2 where r2 is the homeomorphism defined in section 13.2.21 
With equation (fTU| and using the unitarity of T we can rewrite equation (j4"0)l 



(gjiT^) = e H^-T^} S2e iJdV(x) f ,(x)r- 1 (^(i- l j S2 m 1 +^(i+'U S2 )i2)(x) x 



Furthermore, we can derive an expression for rjo by using an orthonormal basis of Vs 2 defined in 
section 13.2.31 We find that r)D = JdM(fiVi r 2V) where Jqm = (—T^ 1 J-£ 2 T, Jy, 2 ) and 

r){x) := f dV M (x')]T (e-(x')et(x) +e+tf)e-{x)) . (48) 



This can be seen by observing that every element ( G Lm can be parameterized as 

C=J2(Cae+(x)+c.c) 

and it follows that for all £, £' e Lm holds 

{C,C'}s 2 = iw S2 ((i + iJ S2 )C,(i-iJ S2 )C)= ^ Cap^ 2 ( e +,e;) 
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Finally, we find that 



9dM(C,v) = 2gs 2 (C,v) 

E (Ct^ + &) = I dV(x)v(x)C(x) = D(Q 



(49) 



rrel 



We obtain 



(1 - iJdM)r]D(xi,X2) 



(JdM + i)(nr], r 2 ri)(x 1 ,X2) 



2* / dV/,(x')^(e-(x')4(^i),4K)^(x 2 )) 



(50) 



where x\ and xi are coordinates in neighborhoods of Ei and £2 respectively, ifo is related to the 
Feynman propagator of the field theory we are investigating jOec!2c] . 

5.2. The detector model 

We now consider coupling a detector on a fixed worldline to the field theory. For first order pertur- 
bation theory there is no big difference between modeling the detector as a two level system or a 
harmonic oscillator as done for example in |LH07j . As the latter will be more convenient for us we 
will adopt their action principle in what follows. Again to first order this is also similar to a point 
like atom sitting in an external field. 

Having access to this model we can study directly the physical consequences of the choice of 
complex structure on the transition rates of the detector and use this to study our choices from 
above in concrete physical situations, as will be done in section f5. 41 

The action of [LH07j is given explicitly by 



This is the action for a harmonic oscillator with the frequency fio- It can be seen as a quantum field 
theory on the worldline 7 : R — > M parameterized with proper time r, i.e. g ^{drl)^ {d T l) v = 1- 
Holding this in mind we can formulate the corresponding quantum theory using the Schrodinger rep- 
resentation of GBQFT. We find the symplectic potential [Q, Q'] T = itiqQ' 'd T Q\ T and the symplcctic 
form lu t (Q, Q') = ^ (Q'd T Q — Qd T Q')\ T . For the complex structure we choose 



We consider a region 70 := [ti, T2] that is a subset of the worldline 7. The solutions of the equations 
of motion that form the solution space L l0 can be parameterized as 



With Ja 7o = (— J T , J T ) the complex structure on Lq 1q = L—(g> L T2 we find using equation ([50]) 
with e+ = (2m a n )- 1 ^e- in ° T and e" = (2m fio) _1/2 e t!i ° T that 



which is a solution of the homogeneous equation near the boundary and thus determines two solutions 
of the homogeneous equations that are joined by a solution to the inhomogeneous equation in the 
interior. 






(51) 
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is the Feynman propagator for our one dimensional field theory. For the amplitude we obtain for 
the boundary state K(q 1 q 2 ^ = Kq 1 ® Kq 2 with 



from (|T7)) the expression 



fJ-Q 

e3tpQ{ei ) e a } T5 ,+i J drp(r) Q(l - iJ T )0i(T) + ^(1 + iJ r )e 2 (r) 



+ - / drd7 y /i(T-)/*(T / )GF(ry) 

exp (^flifr + /n = = / dr/i(r) (^Te in ° T + ^e"* 
\2 V2m f2 J 



i 



To turn the quantized harmonic oscillator into a detector we still need an interaction term. For the 
interaction with a scalar held in four dimensions it is given as |LH07] 

Vud&Q) = A fdV(x) f drp- 1 S^(x-'r(T))4>(x)Q(T). (52) 



where p is defined by dV(x) — ui^.^^dx^ 1 ■ ■ ■ dx^ 3 = p e W) ... At3 dx' il ■ ■ ■ dx^ 3 with e the totally an- 
tisymmetric Levi-Civita tensor. We want to investigate the interacting theory ([52]) in a region in 
Minkowski space with flat timelike or spacelike boundaries. We assume that the map T exists 
and that it is unitary. In first order perturbation theory we find for the coherent states and 
A'e = Kq 1 £g> Kq 2 for the field and the detector respectively that 

pl V (K(:®K @ ) 



where p^ (K^) and p^ q (Kq) are the free amplitudes of the interacting quantum systems. With 
pp (K$) by equation (|30"|) given as 

p^(Kt) = /9M (A^)e lD( « )+ * D((1 - aa « ) ' 7D) (53) 

and the fact that the only term of first order in p^ is D{£) we obtain with the definition of the 
potential in equation (|52[) 

pfy(K^K e ) 
= -\p la (Ke)PAi(Ks) I dre(r)|( 7 (r)) 



-Xp s (K^)ei^ / dr (^e in ° T + ^e~ iU ° T ) |( 7 (r)) , 



v / 2m rio 

For a one particle state, we derive 



a,/3=0 



X/2A 



dr (^Te in ° T + ^ 2 e-^ or ) £( 7 (t)) . 
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From equation (|4"5"j) we know that the absolute square of pf v (a^Ko <E> OqKo) can then be interpreted 
as a transition probability in the one particle sector. The transitions that are interesting for us are 
the transition of the detector from the ground state to an excited state and vice versa. So we set 
$1 = and i?2 = 1 and find 

P^(g^e) := — - \ drdr' e"^^ ^(t))^')) , (54) 

and with d\ = 1 and i?2 = we obtain 

P°o.e(e-> fl ) := —-- drdr' e in ° iT - T) ^{T))^(T')). (55) 
m i2 7 Tl 

The map £ i— > £ = £ — z£ J is a linear map. Hence, for every two orthonormal elements £, £' € £gA/ 
the sum -P^(3 — > e) + P^{g — > e) is invariant under a transformation to the orthonormal states 
labeled by a£ + b£' and b£ — a£' where i.e. 

P°° <«(.<? -> e) + P f2 ° <«'(<? -> e) = P n <"^+^'( fl -> e ) + P n o>*>«-<'( 5 -> e ) . (56) 

where a 2 + 6 2 = 1. We find that summing the probability in equation ((54)) or (|55|) over a general 
subset of a basis in Lgjvf we arrive at an expression invariant under a general orthogonal basis 
transformation. This leads to the generalization of Fermi's golden rule to general regions. We sum 
over an orthonormal basis in the set of states that represent the knowledge we have about the system 
[OecOSJ . 



5.3. The Unruh-DeWitt detector no-click condition and the 
energy-momentum flux for timelike hyperplanes 

In this section we show how the detector response can be used to formulate a condition that deter- 
mines the complex structure for propagating waves when claiming the complex structure to possess 
all the symmetries of the spacetime region. We are dealing with 1 + 1 dimensional Minkowski 
space and a region M = £ x [x;,x r ] bounded by parallel timelike hyperplanes £; and E r where 
S r is oriented as E and E; has opposite orientation. Hence, the symmetries in the global coordi- 
nates in which the time direction is tangential to the timelike hyperplanes and the metric takes the 
form g = diag(l, —1) at every point of M are: time translation and time reversal. We use exactly 
this coordinate system in the following. We assume the Unruh-DcWitt detector to be at rest, i.e. 
7(t) = (r, z) inside the region M throughout this whole section (see figure [53|) . 

The additional ingredient for determining the complex structure is the positive flux condition 
formulated in section l4.3.2l There we already introduced the terms of positive flux modes as elements 
of the space Lq M + C Lg M spanned by energy eigenstates £ Po fulfilling 

Vr^(<Ke(4, ))(z) > (57) 

at every point x € dM with n the unit normal covector field to dM pointing out of the region M. 
Now, to determine the complex structure we require that the set of states corresponding to positive 
flux modes should give a vanishing transition rate of the detector. To make this mathematically clear 
we first assume that we are dealing with a unitary complex structure. Since the complex structure 
respects the symmetries of the classical configuration we can deal with all the energy subspaces of 
I/§ separately. To determine the complex structure we look at the space L^ E := L s ' p ° © L^£~ Po 
with L% Po = {E CTl=± a ^ e (Po,o'iPi)|a ( T 1 € C} where e(p ,pi) = e - i ^° x °- pixi \ Using this split 
we investigate the no-click condition for elements of Lg M , of the form = (£;,£ r ) with £; = 
ci j+ e(po,—p{) + ci _e(— poPi) and £ r = c ri+ e(p ,Pi) + c r _e(-p , — Pi) • We define the boundary 
configuration £ + := 9te(£?j:) £ Lqm- Let the coefficients Cj,± be given such that £+ corresponds to a 
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Figure 2: Schematic picture of the region M containing the worldline 7 of the detector at rest. The 
horizontal axis represents space and the vertical axis time. 



normalized state Kq , we find that for the field being in this state the probability for the transition 
of a detector at rest, i.e. worldline 7(7") = (r, z) from the ground state to the excited state following 
from equation (|54p is given as 

o\2 poo 

P n (9^e) = — - / dTdr'e- m ^- T ^ + (T,z)^(r',z), (58) 

where 

The no-click condition is required to hold for every element of Lg M+i that is for every set of 
coefficients q,± and c r> ±. Considering the special case of c r + = c r ,_ and Q t + = q,_ = we obtain 
that 

£+ = = Cr,+ (\ (! + ^s r )e(po,Pi) + ^ (1 + iJs P )e(-po,-pi)^ . 

which means that for the detector not to click we need (1 + i Js r ) e(— poi — Pi) = which leads 
to Js r e(— poi — Pi) = ie(— po, — pi) and with complex conjugation Js r e(— po ; — Pi) = Js r e(po;Pi) = 
— ie{po,p\). Together with the time reversal invariance which tells us that Js r e(j>Q, —pi) = ie(po, —pi) 
and Js r e(— Po,pi) = —ie(—po,pi) this already determines the complex structure completely. The 
one that is determined is the one we obtained in 14. 3. II We obtain that 

£+ = ci t+ e(p ,pi) + c r , + e(p , -Pi) oc e~ ipoX ° , 

such that the detector does not click for every choice of c^± and c r< ±. 

5.4. An explicit experimental situation 

In the preceding sections we saw that also on timelike hypersurfaces reasonable conditions for the 
complex structure can be imposed. For propagating waves all of them lead to a unique complex 
structure that, at least for hypcrplancs coincide for the different conditions. For evanescent waves 
instead we found that no complex structure exists that fulfills the corresponding conditions. 

In this section we use a different approach to deal with evanescent waves. We show that the 
complex structure can and must be determined depending on the specific physical situation outside 
of the quantization region M when evanescent waves can be prepared. In particular, we canonically 
quantize a system in which evanescent waves appear on spacelike hypersurfaces and use the results 
to determine the complex structure for timelike hypersurfaces. 
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5.4.1. Canonical quantization in the presence of dielectric slabs 

An example of a physical situation in which evanescent waves can be prepared is Maxwell electrody- 
namics in the presence of a dielectric slab. This was investigated in jCM71| where the authors model 
the experimental situation as two half spaces of different refractive index with one of them being the 
vacuum refractive index. In this setup solutions exist that are propagating waves in the dielectric 
medium and become evanescent in the vacuum. The authors of |CM71| find after quantization that 
their theoretical results coincide with semiclassical calculations and in a later publication |CMD72| 
they also show that they coincide with experiments. We are going to consider a similar setup for 
the massive scalar field in 1 + 1 dimensions. This toy model recovers the basic situation found in 
|CM71| but makes it much easier to understand the calculations which will allow us to focus on the 
basic insights concerning evanescent waves. We will use the Unruh-DeWitt detector as a toy model 
for the atoms in the electromagnetic field near the dielectric boundary. Throughout this section we 
will again assume the detector to be at rest, i.e. 7(7") = (r, z). 

I II III 







n = 


n = 1 
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Figure 3: Schematic picture for the preparation of evanescent waves in a toy model of 1 + 1- 
dimensional massive scalar field theory. The horizontal axis represents space and the 
vertical axis time. 



The setup we consider is shown in figure 15.4.11 The 1 + 1 dimensional spacetime is separated in 
three regions with different metric tensor g. For region / and III we have 



and for region II we have: 



fJ 



i 

n 

-1 



1 

-1 



The boundaries of the regions are at £ and £' . The conditions for the construction of solutions (f> 
of the Klein-Gordon equation 

(d»y/ggVd u + ^gm 2 ) 4>(x) = , (59) 
at £ and £' are the continuity of (f> and its first derivative. With the separation 

4>±(x) = <p±(x l )e i *°*° (60) 
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we obtain for p 2 , < m2 the se t of solutions 

{N po e- tpxl for x x < -£ 

N Po e^ (coshpi^ + O-^sinhpi^x+o) for -£ < x x < £ , (61) 
e~ ipXl + C Po e ipxi for £ < xi 

and ip~ (xi) = (pp (—xi). The constants are given as 

i I p pi 



N P0 = e~ 2 ^ (cosh2M- g [f^'J ) sinh2 Pl £ 



P , Pi 



Pi P 



C P0 = -N P0 - ( ^ + ^ )sinh2pi£, (62) 



where p = (np 2 , — to 2 ) 1 / 2 and pi = (m 2 — p 2 ,) 1 / 2 . These solutions are chosen such that with the 
symplcctic form for an equal time hypcrsurface given as 

^ J —oo 

they fulfill the orthonormality relation with the Klein-Gordon inner product 

:= iWAr(^,^ o ) = 27rV^Po<5(p-p')^,,' ■ (63) 

This is shown in appendix IA.3I With equation (|63p the canonical quantization prescription leads to 
the absorption and emission operator 

^ X) = J 2^fe5^^ (x) + /l - C -) 

with the commutation relations [a£ jfl , a,p', s '] = (<t'p i ( f > p>)KG = 27r y/npo5(p — p')5 SiS >. The total 
probabilities for an Unruh-DcWitt detector with the world line j(r) = (r, z) to emit a field particle 
while passing from its ground state to an exited state and vice versa is then given as 



It turns out that the probability P (g — > e) vanishes and with the expression in equation (j6"Tj) we 
find the transition probability 



■|iV, 



Pi _ P_ 

mofiop'"" 01 VVp Pi 

+1 (P± + P-) ( C o S h 2pi (z + C)+ cosh 2pi(z-0) ) <5(0) 2 
2 \ P Pi 

mo^op 





-- V 




hi) 


V P 
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VP 


Pi/ 



that depends on the space point z at which the detector rests and on the energy Qq. If we want 
to know the probabilities for the absorption of a particle by the detector undergoing the same 
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transitions as above we just have to interchange tto by — Oo in equation (1641) . Then we find that 
^orptioJe 9) = and P a n b ° S orption(ff e) = P c ° m ° ission (e <?) where P e ^ ission (e «?) is the 
transition probability in equation (|64[) . 

We will now repeat this calculation in GBQFT, by making use of the tools developed in the 
foregoing sections. We choose the region M = £ x [xi, x r ] to lie completely in the interior region II 
which means that the classical field theory inside the region M and in a neighborhood of dM is just 
that of 1 + 1-dimensional Minkowski space. For M being extended to both timelike infinities and for 
an Unruh-DeWitt detector at rest inside the region M we want to recover all the first order results 
of the canonical quantization. Of course, we have to stress what we mean by recovering the results 
of the canonical theory. We will explain this in the following. 



5.4.2. The canonical case in GBQFT 

First, we make contact with the GBQFT considering a configuration with spacelike hypersurfaces: 
Already in section 14.3.21 we used that for spacelike hypersurfaces and unitary evolution we recover 
standard geometrical quantized field theory which can be seen from the expressions in section 13.2.21 
Let us consider the region M' = £ x [ti,tf] with the boundaries Si and £/ with the orientations 
pointing outside the region M' . The split of the boundary Hilbert space as Wom' = ® 
and the existence of a the unitary map U : — > Ht, s with U(tfj)((j)) = ^(T _1 <^) for all if; £ Hs i 
leads to an identification of the Hilbert spaces H-Si and T-L^j and the reduction of the amplitude 
map to the inner product. It is then easy to see that the canonical theory is completely equivalent 
to GBQFT with the complex structure 

as can be found in section 14.1.11 As we already argued in section 14.3.21 in the GBQFT we find a 
slightly different picture of the states on the boundary. The states on the future boundary and those 
on the past boundary have no a priori roles in the theory and they have to be interpreted. For that 
purpose we use the Unruh-DeWitt detector. Let U and tf go to — oo and oo respectively. We obtain 
for an arbitrary boundary one particle state o^Kq £ Hi t dM' — LdM' with £ = (£i,£/) £ Lgnj the 
transition probability 

2A 2 



P n <»Hg -+e) = J drdr' e-^^-')|( 7 (r))|( 7 (r')) . (67) 

where £ = ^(1 — iJs f )£i + 5(1 + iJs f )(,f- Investigating this in the wave function basis {(/)p } 
defined in (|60)) which consists of plane waves in region I and III we find that the one particle 



Hilbert space Hi^qm' splits into an orthogonal direct sum Hi,dM' = H°g M , (BHTdM' wnere U-TdM' 
is the set of all those one particle states corresponding to a boundary solution £ € Lqm> with £ 
an element of the space spanned by the basis {^p }- HTdM' ^ s defined analogously as the set of 
states corresponding to boundary solutions with £ in span{0p o }. This can be seen the following 

way: The map" : Lqm' — > ^X/" ^ = £ R + JdM'^ 1 ^ £ can be inverted as" 1 : L 1 ^, — > Lqm, 
IKzrj + Omry 1— > 9ier) — Jd^jidmi]. Using this insight we can write the inner product of two one 
particle states labeled by £ and £' as 

(a\K , 4 K ) = £}dM> = gaw ■ (68) 

Obviously states corresponding to span{0p o } are orthogonal to those in spanj^}. 

We find that summing the transition probability (|67[) and the reverse process over an orthonormal 
basis in H° u q M , we obtain a vanishing probability p n °> out (<ji _^ g -j an( j pu , out ^ e _^ ^ ag m e q ua tion 

(|64]) respectively. For an orthonormal basis in H l ig M , we find that P°°' ln (e — > g) vanishes and 
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recovers the expression in equation f|64[) . From the definition of the map " we obtain 
that the states in H° u g M , arc exactly those corresponding to boundary configurations that are zero 
on the initial hypcrsurface Sj and nonzero on S t and for H™g M , vice versa. Let us recall here again 
what we call the canonical result: The one particle Hilbcrt space can be split in an ortho normal sum 
of outgoing and ingoing states where when summed over an orthonormal basis of the outgoing states 
we find that for every the probability p n o,out^ _^ e ^ varusnes an( j ^ na -t pfi ,out^ e _^ j s given 
by (|64[) and for the in states vice versa. This is what we want to recover for timelike hypersurfaces, 
for every transition energy Qq > 0. 



5.4.3. Timelike hyperplanes in GBQFT 



Let us now come back to the region M = Sx [xi , x r ] with timclike boundaries £/ and S r with unit 
normal pointing to the outside of M and M lying completely in region 77. The symplectic form is 
given as ujom = ^t., + ws r where 



we, (m , m) = c;, r - / dx d z x (r)i(t, xi, x)dirj 2 (t, xi, x) - rj 2 (t, x x , x)dirn(t, xi, x 



(69) 



and ai = — 1 and oy = 1. Since the boundary of M is a disjoint union 5M = U S r the complex 
structure Jqm acts as complex structures Js, and Js r on is, and is r respectively. 

For this region we want to recover the canonical result. First of all the sum p n °' tot (g — > e) := 
P°°' out (<7 — > e) + P n t>' ln (g — \ e) is a sum over an orthonormal basis in the one particle Hilbert 
space which is invariant under a change of basis as we explained at the end of section 15.21 But 
then p^o.tot^ _^ e -j canno t modified by a suitable choice of boundary states, on the other hand 
P n °' tot (g — > e) is still equal to (j65|) which depends on the distance £ to regions I and III and on the 
refraction index n, in other words on information about the physics outside of M. The only way 
to recover the canonical result is by selecting an appropriate complex structure which encodes this 
physical information. This is what we shall do now. 

More precisely, in the following we show that for the infinitely extended region M bounded by 
timelike hyperplanes lying completely in the region II as it can be seen in figure |4] the complex 
structure can be determined completely by the condition to recover the full canonical result when 
we assume that it is unitary and possesses the symmetries of region M, that is time translation and 
time reversal invariance. 
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Figure 4: The region M lies completely inside the region II and the detector is at rest inside the 
region M. The horizontal axis represents space and the vertical axis time. 



In fact, in the situation considered here where the complex structure is required to be invariant 
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under time translation it suffices to investigate the transition probability just for the outgoing states: 
Suppose we found a subspace T~L° u qm *- Wi,dM such that 

]T P n °' f (g e) = 0, 

where the sum is over an ONB of Hqm , and the same equation with (g — > e) replaced by (e — > g) 
yields (|64[) , in other words the outgoing states recover their canonical result. (|67[) implies that 

P n °'€(g — > e) = P n °'£(e — > 5) where £ is the real boundary configuration corresponding to £. Hence, 
if we define W^ dM as the set of all elements o^Kq G Wom such that a^K G "H° u g A/ , then the 
ingoing states recover their canonical result. We identify the set of outgoing states as those that 
correspond to complex solutions £ cx e~ lpoX ° with po > 0, and then the ingoing states are the ones 
with po < 0. Every element of "Hi^m can be written as a linear combination of those states, hence 
Ui,dM = UTdM u ^Tom- Moreover, one can check that 'H° u q M and 'H 1 1 n aM are isotropic subspaces 
with respect to ujqm, and therefore H^°q M and 1C\q M are orthogonal iff Jqm leaves both subspaces 
invariant: For € H?$ M , 

(a^iCo, otjTo) = 9dM (I, I') = w 9 m f|, JsmIj 

is zero iff JomS,' is again in 'H° u g M . But this is of course the case if Jqa/ is invariant under time 
translation, for then it must commute with the time translation operator E := ido. Then Jqm leaves 
the eigenspaces of E invariant. 

There are even more conclusions we can draw from the time translation invariance: If Jqm leaves 
the eigenspaces of E invariant we can talk about a complex structure for every energy subspace 
Lq° m := {£Ke(c/ep Q . Si , c r ep o . E ^)| q, c r € C} separately. We do this by writing the eigenfunctions of 
Js r in the form 

e po;S. : = MPo) cosh^iXi) + Ch(po) sinh(p ia ;i))e- ipoa;o , (70) 

with pi = y/ m 2 — Pq and eigenfunctions Js, analogously. The choice of complex structure per energy 
subspace is now reduced to the choice of coefficients c a (po), Cb(po) € C. Of course, the definition of 
a complex structure by (|70p stays invariant if we multiply the expression in (|70[) with an additional 
energy dependent complex factor. Hence, the only thing that matters is the quotient c a (po)/cb(j>o). 

Using this result, we obtain that two states corresponding to £ Po <G L p d a M and £ p / £ L P d ° M with 
Po 7^ Po are orthogonal. This can be seen in the following way: Take two states of the form 
Cp = ^ e ( c ibo)ep . Si ,c r (p )e+ ;Sr ). We find that 

= iuj^ (ct (po)e+ ;Sj , Q (Po) e J ; s, ) + iu) v r (Po)e+. Er , c r (Po) e J oi E r ) « <*(Po - Po) • 

Hence, {£ Po , C^Iom = for all elements in £ Po G Lg° 7 and ^ G Lg° M with p Q ^ p' . 

Now, we want to recover the canonical result: We see from the transition probability in (|54j) and 
([55)) that the detector with transition energy SIq is only sensible to states in 'H 1 "qm^^-i dM- We can 
use the orthogonality of different energy subspaces and the reduction of the decomposition problem 
to the outgoing states due to the the time translation invariance. That reduces the task of finding 
a decomposition of the one particle Hilbert space in out- and ingoing states to the task of finding 
two orthogonal states for every E = |po| spanning the orthogonal subspace "H° U J^\ that is the set of 

states a\K Q G H l f° l ■= U\° dM ® ^i$°m such that £ K e~ ip ° xo with p > 0. 

From equation ((68)) we know that this is equivalent to the problem of finding two solutions £1 , £2 for 
every po in the complexification L P M ' C such that they are orthonormal with respect to the sesquilin- 
ear map (•, ■) := <?oa/(-, t ) which is antilinear in the second entry. We start with the two linearly 
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independent eigenfunctions of Js r (see [70]) defining £+ := e+ Er and £~ := £l po - We define the 
normalization constant c+ o such that (£p^,,£^) = 27r(Cp o ) _1 5(po — Po)- An orthonormal basis is then 
given by 

4 + ■= \fi&& ( 71 ) 

with Cp such that (<f J 7 ,| p ~ ) = 27rJ(po — Po)- From equation ((55)) we find the response of the 
detector as 

0\2 poo 

P^(e -+g) = — — J drdr' e ^o-Po)(r-r ) (z)| 2 + \£-(z)\ 2 ) . (73) 

If the complex structure Jqm is unitary in the sense of our definition at the end of section 13.2.21 we 
have that if a function e+ <E is an eigenfunction of Js r with Js r e+ = — ie+ we get Js,e+ = 
* e p : where the sign change with respect to the definition in 13.2.21 comes up because of the reverse 

orientation of . We find that in this case £~ o = \J Cp Q £— Po and 

+ 



C Po 



ipi (c a (pa)cb{pa) - c b (p )c a (p )j (74) 



and the response of the detector reduces to 

o\2 poo 

P n °>P°(e^g) = / drdr' e ^o-Po)(r-r ) 

|cq(Po) cosh^z) + c b (p' ) sinh(p^ z)| 2 

If we require the complex structure to be invariant under time reversal which is a symmetry of our 
physical configuration then c (— po) = c a (j>o) and similarly for c b ( P o), and we find that 

p n ,po (e ^ ff) = A " f°° dTdT > e i(n - P0 )(r- T ') Mpo) cosh(piz) + Q,(p ) sinh( Pl z)| 2 
m Sl oPl J_ x i (c a (p )c b ( Po ) - c b (p )c a ( Pa )) 



We want to have (|75[) proportional to the expression from the canonical model in (|65|) this determines 
c a(j>o) I c b (po) and hence the complex structure: Since 

I c a (po) cosn Pi ^ + c b (p ) sinh pi 2 1 2 
= g (I Cq ^°)| 2 " l c &(^o)| 2 + (Mpo)| 2 + |c 6 (p )| 2 )cosh2p 1 z 

+2|c a (p )IMPo)| cos(0 a - b ) sinh2piz) (76) 

with c a (p ) = |c Q (po)|e l * a ^ ^ and c b (p ) = \c b (p )\e^ b( - Po \ Comparing with ([65]) this leads immedi- 
ately to the condition <f) a (po) — <f) b (p ) e {§, ^f-}- This is determined to <^ a (po) — 4>b(jPo) = § by the 
requirement of Jom being positive. We obtain two further conditions: 

|c Q (po)| 2 - Mpo)| 2 oc — - — 

P Pi 

Mpo)| 2 + Mpo)| 2 cx (^ + ^Jco S h2 Pl £ (77) 
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which leads to 



1/2 

■ 

Mr>)| 



\ c b(Po)\ 



(y-^)-(y + ^r) cosh2 ^, 



(78) 



Wc find that the complex structure leading to the same space dependence in ([75)1 as in the canonical 
result (|tJ5j) can be given by 

c a (Po) = ((^-^) + (^ + ^)cosh2 2 , 1 ^ 1/2 

p pi J V p pi 

M_(^ + _P") cosh2pi A (79) 

p pi J V p pi J J 



with p = y npg — m 2 and N po as given in equation (J62J) - With that definition we obtain 

pO ,out (e g) = _^_|jv ( a ((P_1_P_\ + (P1 + P_\ cosh2piZ cosh2piC > ) S(0) 2 , (80) 
m il pi \\P PiJ \P PiJ J 

which differs from the expression in equation (|65[) by a factor y/n— which comes up because of the 
definition of a particle as a normalized state and the difference of tne normalization to the canonical 
case. Wc find that the condition to recover the expression in equation (|65[) we got from the canonical 
model together with the unitarity condition and the claim that the complex structure has all the 
symmetries of the classical problem determines the complex structure completely. 

The necessity to require the unitarity of Jqm can be seen by considering the complex structure 
given by eigenfunctions as in (|70p with 

P 

c a ;S,(po) = cosh(pi^) + i— sinh(pi^) 

Pi 
P 

Cb;St (Po) = sinh(pi£) + i— cosh(pi£) , 

Pi 

and 

P 

c a -s r (Po) = cosh(pi£) - i— sinh(pi£) 

Pi 

P 

Cb-,s r (po) = - sinh(piO + i— cosh(pi£) . 

Pi 

This gives a non-unitary complex structure which can be shown to recover the canonical result (|65[) 
from equation (|73[) as we prove in appendix IA.4I 



5.4.4. Spacelike asymptotics of the complex structure 

In the foregoing section, we presented two different complex structures that lead to a split of the 
one particle Hilbcrt space into an orthogonal direct sum of linear subspaces that can be interpreted 
as outgoing states leading to a total probability P out (g —> e) = and ingoing states leading to 
P ln (g — > e) being proportional to the result in equation ([r?5|) . The first of these two complex 
structures was unitary and the second not. In this section we investigate the asymtotics of these 
configurations when taking the boundaries E; and E r of the region M to spacelike infinity while 
evolving the complex structures on the hypersurfaces unitarilM 10 !. i.e. having given the evolution 
map T from a timelike hyperplane E/ in the region / to E; we give the corresponding complex 

10 That was already done for the case of empty 3 + 1-dimcnsional Minkowski space and a region bounded by a timclike 
hypercylinder in ICO08allCO08b1 . 
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structure as = T 1 Js r T etc.. This is easily performed by extending the eigenfunctions e P ~ --£ l 
and ep o . s of the complex structure to the regions I and III respectively. We obtain 



-po;S. 



e Po ;X r (xi)e- lpoXo 
(e po ;£,.(£) cosp(xi 



0- 



where e Po -^ r (xi) 



(ep ; S! (-C) cosp(xi 



sinp(xi - £) 



for 



for 



Cb ; s r (po) sinh(pixi) and 



(81) 



0- 



Xl=-£ 



sinp(a:i + £)^e 



for 
for 



(82) 



where ep^s, (xi) := c Q; s, (po) cosh(px#i) + Q>;£i (po) sinh(pixi). Wc can compare this to the complex 
structure for propagating waves in equation (pHI) defined by the pressure condition in analogy to the 
AM-condition for spacelike hypersurfaces. We find that the unitary complex structure does not and 
the non-unitary complex structure does coincide with pip when unitarily propagated to the regions 
I and 11© 

Note also that, as in the canonical theory, the extensions to the regions I and 177 of e^.^ and 
e po-s respectively are only smooth, but not analytic at x\ = ±£ since the spacetime metric g has 
a discontinuity at — £ respectively £. Thus in particular an arbitrary small region in spacetime will 
no longer automatically contain the complete information on all spacetime without recurse to the 
equations of motion. Mathematically it is this fact that allows us to study the dependence of the 
complex structure on the physics outside of the spacetime region. 



6. Conclusions 



Wc have seen that Ashtckar-Magnon like conditions and symmetry considerations can indeed deter- 
mine the remaining quantization ambiguity, in the holomorphic language the complex structure, for 
the propagating sector of quantum field theory on timelike hypcrplancs. However, the evanescent 
modes also present in the theory require different treatment and new physical input. 

We showed that the transition rates of a coupled detector are an appropriate tool to determine the 
complex structure in the evanescent sector. Interestingly, we found that even if the spacetime region 
under consideration is isometric to a region in Minkowski space the complex structure depends on 
the physics outside the spacetime region. In this sense we cannot describe the physics in a spacetime 
region purely locally without considering the embedding of the region into a spacetime. 

In order to study this physical situation we had to re-express the condition that we have a transition 
from the vacuum to the one particle sector in GBF language. We saw that considering energy fluxes 
was a viable method in our case. However, we only studied these for highly symmetric and simple 
cases. An interesting open problem then is to understand the full quantized energy momentum 
tensor and it's detailed dependence on the complex structure. This would allow us to handle a much 
richer class of physical phenomena. 

In the cases considered we were able to satisfy the physical conditions using a unitary complex 
structure, but it seems unlikely that this will be possible in general. The extension of the theory 
into the asymptotic regime also suggests that the unitary structure is not necessarily the physically 
preferred one, it is a non-unitary structure that matches up with the one chosen by the Ashtekar- 
Magnon like conditions. It is also unclear a priori that we can always model the physics in a spacetime 
region by only adjusting the complex structure. 

llr The non-unitary complex structure was chosen by the authors such that it fulfills this property in the first place. 
The interesting fact is that it leads to the correct detection rates. 
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Finally the result here should also be contrasted with the classic result of Reeh and Schlieder 
|Ree611 ISch651 ISum08j in algebraic quantum field theory. They showed that the vacuum state is a 
highly non-local structure. To compare to the language of algebraic quantum field theory we could 
describe the physical situation considered above as such: Consider two different, static, spacetimes, 
which coincide in a certain region. If we model the vacuum state of the second spacetime in the 
first one by applying operators localized outside of the region where the spacetimes coincide, we will 
generically change the vacuum state inside the coinciding region, too. The restrictions of the vacuum 
states to the coinciding spacetime region do not coincide, which is exactly what we found. As the 
response of the detector to evanescent modes is exponentially decaying away from the dielectric 
boundary, we have in some sense that, as in AQFT, the non-locality is exponentially small. 
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A. Appendix 

A.l. Proof of statement 1 

In this section we show that for a timelike hyperplanc S in Minkowski space 

2w(0, rfd^) = -2 ( d<7^ T^n u V0 6 L s 

JT, 

is always satisfied. T^ v is the energy-momentum tensor 

and n is the gradient covector field to £ with respect to the spacelikc foliation, n is normalized to 
give g(n,n) = — 1. We choose global coordinates (xq,xi,x) such that the metric takes everywhere 
the form g = diag(l, —1,-1,-1). Without loss of generality we assume the timclikc hypcrplane £ 
to be an equal x\ hyperplanc at x± = £ and to be oriented in positive x± direction. The measure da^ 
is then given as da^ = dx\ \ with g?:e|| :— dx^dx2dx^. We write n^d^ = d±. Write out the LHS: 

2oj(<j ) ,n>*d ll (j)) = J dsc|| (<^i</>-dj_0(9j_0) (83) 

Let be the metric on S. Then we can write the equations of motion as = g^ v d^d v (f> + m 2 (f> = 
{—d\ + h^didj + m 2 )(f), and plugging this into (|83)l and using integration by parts yields 

2u{(j),n^d pi (j)) = I dx\\ (cj)(h 13 didj + m 2 )0 - d±<f>d±<l>) 

= - f dx {l (h ij dii>d j ^-m 2 (t> 2 + d ± (t>d ± <f)) 

= - ( dx\\ {g^d^d^-m 2 ^ 2 + 2d^d^(f) 

= -2 f dx n T±± = -2 [ da„T^n v . 
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This finishes the proof. 



A. 2. Proof of statement 2 

We give the proof that in the case of Klein-Gordon theory on timclikc hyperplancs S in 3 + 1 
Minkowski space, the requirement of J being compatible with u is only satisfied by one complex 
structure out of the class of complex structures that may be written using a directional derivative 
with respect to some translation Killing vector field r\ of Minkowski space. 

J is compatible with uj iff g((f>, <f>') = u)((f>, J<t>') is positive definite and Lo(J<fi, J<j)') = w(</>, </>')• 

The symplectic structure in this case becomes 



M4>^)= / ^||(<W-M<£)- 

In this notation, we use global coordinates (xo, x\, X2, £3) such that the metric takes the form 
g = diag(l, — 1, — 1, —1) and dxu := dxodx2dx^ is the measure for the integration in the hypersurfacc. 
Without loss of generality we consider the hyperplanc So = {x\ = 0}. We shall parameterize the 
solution space of propagating waves L^. in the following manner: 

dk\\ 1 



ip(k)e lk - x + ip{k)e~ lk - x 



(2tt) 3 2ki 

where dku = dkodk2dk^, k-x — —kix±+ku-xu with kn-xu = fcoxo — &2X2 — ^3X3, <p(k) = ip(ko, £2,^3) 

is a complex function on R 3 and it is understood that k\ = y | k 2 ^2 — k 2 — 771,2 1 ■ We shall assume 
(this assumption will prove to be correct later) that the plane waves are eigenfunctions of the complex 
structure J, that is 

Je ±ik-x = -± ie ±ik-x_ ( g4 ) 

where jt G { — 1, 1} are yet to be determined (as functions of fco, and ks, possibly). Now we 
can compute 



2w(0, J<t>) 



dx\\ (cj)di J<j> — J(f>d\<j)) 
d;r 



'II 



dku 1 f dk'n 1 /r .. 



-ik-x 



i 2 k[j+^k^ k '- x + l 2 k' l] ~^{k')e 



l\ —ik'-x 



i^j+e^+i^k^e-^ 
-ik' lV {k')e ik '- x + ifci^(jfe ? )e- < *'- 
Now write k^x^ = fciXi + hi ■ xu , and use that 



dx||e- l(fe 'i ±fc '|) K n = (27r) 3 (5(fc|| ± k\ { ), 



which will also put k[ =k\. Look now at all terms involving two y>(fc)'s after integrating out x\\. 
We obtain 



dk 



II 



1 



; h UkM-k)jt k e 2tk ^ - V (k)^k) 3 + e 2lk ^} = 



(2tt) 3 (2fc 1 ) 2 '" 1 ^ v "'^ ■"' J ~ k ^ Uk 

which gives zero after substituting ku — > —fen in the second term. The same happens with all 
contributions involving two (p(k)'s. One is then left with 
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The condition that <?(</>, </>) = w(</>, J(f>) is positive definite then indicates that j£ — jZ should never 
be negative. Let us now focus on a certain class of complex structures J I( = J? 1 1= parameterized by 

a vector 77. Then it's clear that 

d v e ±lk - x = ±irj-ke ±ik - x . 

In particular, this means that the plane waves are eigenfunctions of J, as we assumed earlier. And 
now keeping in mind how the j's are defined in ([84]) . we obtain 



This gives 



3k = s S n (v ■ k) (85) 
h = ~sgn(?7 • k) = -it (86) 



dk\\ 1 



This is positive definite iff 

rj-k = rjako - m\f\k% ~k\-k\- m 2 \ - r) 2 k 2 - r) 3 fo > 

holds for all ho, k 2 , k 3 such that fcn_— k 2 — k 2 — m 2 > 0. In particular, it has to hold for those ko,k 2 , k 3 
for which k 2 — k 2 — k 2 — m 2 = 0l 12 l . Then the positive definiteness condition reduces to 

Voh) - rj 2 k 2 - i] 3 k 3 > 0. (87) 



Now of course fco = ± \/k\ + fc| + m 2 depends on k 2 and k 3 , but we still have a sign freedom in ko, 
k 2 and ^3. This means that for any given (770, 372, we can find (ko,k 2 ,k 3 ) such that the LHS of 
(|87[) becomes strictly negative, with the exception being 770 = f]i — r\ 3 = 0. This leaves rj\ to be 
negative and determines r\ as the direction perpendicular to the hypersurface, and thus J. One can 
check that this J indeed satisfies w(0, <//) = ui(J<p, J<fr')- 

A. 3. Orthonormality of the functions in equation (151] ) 

First of all, we show that solutions of different energy are orthogonal in any case. This we see from 
the time translation invariance of the symplectic structure: 

= d uj xo (cj) s po ,(j) r p , o ) = i(po -^0)^0(^0'^) = (Po -P^i^po^lO 

which means for po 7^ Pq that {4> s Po , 4>p' ) must vanish. Now, equation (|63[) can be derived using the 
continuity equation d ll j^{4> 1 </>') = 0. We define j M (0, <fr') ■= ^fg g 11 " '{(j)d v (f)' — <j)'d v (j)), and then 



which leads to 



* T n Po + Po .1,-77- , r \ / \ 
- hm —-J {(f> s ,0 ,)(x) 

2 cr^oo p — p' p + p' FU p 



12 That we can make this argument is of course due to the hyperplane S being timelike. For spacelikc hypcrplanes, 
the positive definiteness condition for g only bounds the vector rj to the light cone. 
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Then, we plug in the functions given in (|61[) and neglect all terms that come with the factor p + p' 
since they vanish in the limit a — s- 0. Using the identities C Po N Po +C Po N po = and | C Po | 2 + 1 N po | 2 = 1 
and the representation of the delta function 

sm(p~p')<r 
lim = 7TO (p — p J 

CT-S-OO p — P 

we arrive at 

(<Co , = i\fn2-Kp a 5{p - p) 

which leads to equation 



A. 4. Recovering the space dependence of the canonical result with a 
non-unitary complex structure 

First, we find that we can express the eigcnfunctions of the complex structures of Je ; and Js r in 
terms of each other by the relation 

e po,Si \ / MPo) B (Pa) \ ( So.Er \ m( C P0^ r 



B(po) A(p ) ) Ve+ 



T^, (89) 



where 



A(p ) = --[ sinh2pi£ + cosh2pi£ 

2 \ P Pi J 

B(po) = l -(^ + ^-)smh2 Pl Z 
2 V P Pi J 



and we find that 



i _ i A(p ) -B(p ) i (Q „, 
-B( P0 ) A(p ) 



From that we calculate for £+ = e+ v and £_ = e + „ v 

J P0 PQ i-Z-'r — PQ t^-t 



(Co . C' ) = 5=. (Co > C ) + *V (C > C ) 



'Po'^p^ -y-^i vsp ) Sp^y i »i r vs Po > s p £ 

,\ - C 

^Po ' 

and the same way 



= (\A(p' )f + \B(p' )f + l) 5Sr (C ,C) = (l^(Po)l 2 + \B( P0 )\ 2 + l)2npS( Po - p' Q ) 



(C ' Ci ) = - 9Sl ^Po ' C ) + (Cpo > C ) 

= -2A(po)l^) gx r (ei po>Sr , e^ p0iSr ) = -2A(po)S(po)27rp*(po - p' ) 

which leads us to 

(Co)" 1 = ^(\A(po)\ 2 + \B(p )\ 2 + l) 

4pi \ P Pi V P Pi J ) 
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Furthermore, we define 

g ■= -2^A( Po )B^oj =JL[?± + £) sinh 2 Pl £ sinh 2p^ + 2i cosh 2pA 

pi %pi V p pi J V V p pi J J 

and obtain 

(so)- 1 = (i - (4 ) 2 \ 9P0 n = 2^ . 01) 

With the definition in equation (jTTj) we have 



So ' — V Po So 

ipo : ~ \[cpo (£po — c po9po^p ) 



2 2 

1 / Pi p 



-1 



cosh2^+ - ^-^Jsinh2M 
x I coshpifx + £) — i — sinhpi(x + £) ] 

V pi / 



and arrive at 

So I i^po I — 2 |1,po 



l&f + ICol 2 = ^poI 2 ((^-^l + ie + f 1 ) cosh2p ia;i cosh2^ 







> a- 


Hi) 


7 


Pi/ 


V p 


Pi/ 



with 



which shows that we recover the canonical result. 
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